Introduction
Complex manifolds that satisfy the ∂∂-lemma enjoy some nice properties such as they are formal manifolds( [DGMS] ), their Bott-Chern cohomology, Aeppli cohomology and Dolbeault cohomology are all isomorphic. Compact Kähler manifolds are examples of such manifolds. The Hodge-de Rham spectral sequence E * , * * of a complex manifold M is built from the double complex (Ω * , * (M) , ∂,∂) of complex differential forms which relates the Dolbeault cohomology of M to the de Rham cohomology of M. It is well known that E p,q 1 is isomorphic to H p (M, Ω q ) and the spectral sequence E * , * r converges to H * (M, C) . The goal of this paper is to prove an algebraic version of the result that the ∂∂-lemma implies the E 1 -degeneration of a Hodge-de Rham spectral sequence. The following is our main result. We define a spectral sequence that is analogous to the Hodge-de Rham spectral sequence of complex manifolds for bi-generalized Hermitian manifolds. Applying result above, we are able to show that for compact bi-generalized Hermitian manifolds that satisfy a version of ∂∂-lemma, the sequence degenerates at E 1 . Acknowledgements The authors thank the referee for his/her extremely careful review which largely improves this paper. (3) the filtered structure is descending: 
Degeneration of a
To make notation cleaner, we allow p, q to be any integers by defining 
Lemma 2.5. Let p, q, r ∈ Z. There are inclusions 
By (1), β p,q,r is an isomorphism and hence α p,q,r is an isomorphism.
Definition 2.8. Fix a pair of integers (p, q). For nonzero
We call ξ i 0 the leading term of ξ and denote it as ℓ p,q (ξ). We define
Proof. Note that by Lemma 2.4, the surjectivity of α p,q,r is equivalent to the condition 
which contradicts to our assumption. Therefore
). Hence we may assume
which is a contradiction. Hence ξ ∈ E p,q r .
Lemma 2.10.
(1) E 
r−1 ). Hence we may assume ξ = dη where η = η 0 + · · · + η r−1 .
(i) Comparing the degrees of ξ and dη, we see that
r−1 which is a contradiction. Hence η 0 is not the leading term of any d-closed form. 
, so by comparing degrees of both sides of r−1 = ∅ for all p, q ∈ Z which contradicts to our assumption (2). Therefore there exist some p 0 , q 0 such that β p 0 ,q 0 ,r−1 is not an isomorphism. By Proposition 2.7, d r−1 0.
Definition 2.12. We say that a double complex
In the following, we apply the main result to prove the E 1 -degeneration of a spectral sequence of bi-generalized Hermitian manifolds. We refer the reader to [G1, C] for generalized complex geometry, and to [CHT] for bi-generalized complex manifolds. We give a brief recall here. A bi-generalized complex structure on a smooth manifold M is a pair (J 1 , J 2 ) where J 1 , J 2 are commuting generalized complex structures on M. A bi-generalized complex manifold is a smooth manifold M with a bi-generalized complex structure. A bi-generalized Hermitian manifold (M, J 1 , J 2 , G) is an oriented bi-generalized complex manifold (M, J 1 , J 2 ) with a generalized metric G which commutes with J 1 and J 2 . We define . Hence δ − is not the zero map. and the spectral sequence does not degenerate at E 0 . Since we assume that M satisfies the δ + δ − -lemma, by Theorem 1.1, the spectral sequence degenerates at E 1 .
